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ABSTRACT
The advent of single molecule microscopy has generated signiﬁcant interest in imaging single biomolecular interactions within a cellular environment in three dimensions. It is widely believed that the classical 2D (3D)
resolution limit of optical microscopes precludes the study of single molecular interactions at distances of less
than 200 nm (1 micron). However, it is well known that the classical resolution limit is based on heuristic notions.
In fact, recent single molecule experiments have shown that the 2D resolution limit, i.e. Rayleigh’s criterion, can
be surpassed in an optical microscope setup. This illustrates that Rayleigh’s criterion is inadequate for modern imaging approaches, thereby necessitating a re-assessment of the resolution limits of optical microscopes.
Recently, we proposed a new modern resolution measure that overcomes the limitations of Rayleigh’s criterion.
Known as the fundamental resolution measure FREM, the new result predicts that distances well below the classical 2D resolution limit can be resolved in an optical microscope. By imaging closely spaced single molecules,
it was experimentally veriﬁed that the new resolution measure can be attained in an optical microscope setup.
In the present work, we extend this result to the 3D case and propose a 3D fundamental resolution measure 3D
FREM that overcomes the limitations of the classical 3D resolution limit. We obtain an analytical expression for
the 3D FREM. We show how the photon count of the single molecules aﬀects the 3D FREM. We also investigate
the eﬀect of deteriorating experimental factors such as pixelation of the detector and extraneous noise sources
on the new resolution measure. In contrast to the classical 3D resolution criteria, our new result predicts that
distances well below the classical limit can be resolved. We expect that our results would provide novel tools for
the design and analysis of 3D single molecule imaging experiments.
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1. INTRODUCTION
In the recent past, advances in detector technology and ﬂuorescent labeling methodology including green ﬂuorescent protein based methods have made it possible to detect single molecules even in a cellular environment (e.g.,
see Ref. 1). The study of single biomolecular interactions, such as protein-protein interactions, is important for
understanding cellular processes. These interactions typically take place at nanometer scale distances. However,
it has long been thought that such interactions cannot be imaged with a regular optical microscope due to
the limitations imposed by the classical resolution criteria. For instance, it is widely believed that Rayleigh’s
criterion precludes the study of single molecular interactions at distances of less than 200 nm in the plane of
focus. Despite this, it is well known that Rayleigh’s criterion is based on heuristic notions. Formulated within a
deterministic framework, Rayleigh’s criterion neglects the stochastic nature of the acquired data and therefore it
does not take into account the total number of detected photons. Hence Rayleigh’s criterion is not well adapted
to current microscope setups that use highly sensitive photon counting cameras. Not surprisingly, recent single
molecule experiments have shown that Rayleigh’s criterion can in fact be surpassed in an optical microscope.2–5
Thus, Rayleigh’s criterion is inadequate for modern quantitative imaging techniques.
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Classically, Rayleigh’s criterion has been used as a tool to evaluate the feasibility of carrying out experiments
that involve distance determination between two identical point sources. However, the inadequacy of Rayleigh’s
criterion, especially in the context of single molecule microscopy, suggests the need for a new resolution measure
that is adapted to modern imaging approaches. In particular, for proper planning of an experiment, it is
important to have a methodology available to be able to assess with what accuracy the distance between two
single molecules can be determined. Recently, we proposed a new resolution measure5 FREM (fundamental
resolution measure) that overcomes the shortcomings of Rayleigh’s criterion and provides a quantitative measure
of the microscope’s ability to determine the distance between two point sources. The FREM, unlike Rayleigh’s
criterion, predicts that the resolution of a microscope can be improved by increasing the number of photons
collected from the point sources. Results were also presented that took into account the eﬀect of pixelation
and noise sources. By estimating distances from images of closely spaced single molecules, it was veriﬁed that
distances well below Rayleigh’s resolution limit can be determined with an accuracy as speciﬁed by the new
resolution measure.5
Rayleigh’s resolution criterion was formulated for the scenario when both point sources are in focus with
respect to the objective lens. However, in many practical situations the point sources need not lie in the plane
of focus and, in general, can be at any arbitrary location in 3D space. In such cases, it is important to know the
3D resolvability of single molecules. In the present work, we extend our previous result to the three-dimensional
case and propose a 3D fundamental resolution measure 3D FREM. We derive an analytical formula for the
3D FREM. Analogous to our previous result,5 we show that the new 3D resolution measure depends on the
photon statistics of the acquired data. In particular we show that the 3D resolvability of single molecules can
be improved by increasing the number of detected photons from the single molecules. We also investigate the
eﬀect of deteriorating experimental factors such as pixelation of the detector and the presence of extraneous
noise sources.

2. GENERAL STOCHASTIC FRAMEWORK
The underlying approach to the derivation of the new resolution measure is given elsewhere.5, 6 Here we provide
a brief description in the context of the 3D resolution problem. The data acquired in a ﬂuorescence microscope
setup is stochastic in nature, since the photon emission process is intrinsically a random phenomenon. Here we
consider experiments in which the data is acquired for a ﬁxed time interval. We formulate the task of determining
the distance between two point sources as a parameter estimation problem. The distance of separation is obtained
by using an unbiased estimation procedure, and the performance of this estimator is given by the standard
deviation of the distance estimates assuming repeated experiments. According to the Cramer-Rao inequality,7
the (co)variance of any unbiased estimator θ̂ of an unknown parameter θ is always greater than or equal to the
inverse Fisher information matrix, i.e.,
Cov(θ̂) ≥ I−1 (θ).
An important property of the Fisher information matrix is that it is independent of how the parameter is
estimated and only depends on the statistical description of the acquired data. Because the performance of an
unbiased estimator is given by its standard deviation, the above inequality implies that the square root (of the
corresponding leading diagonal entry) of the inverse Fisher information matrix provides a lower bound to the
performance of any unbiased estimator of θ. Hence we deﬁne the 3D resolution measure as the square root (of the
corresponding leading diagonal entry) of the inverse Fisher information matrix that corresponds to the distance
estimation problem between two point sources.

2.1. Fisher information matrix
For a general parameter estimation problem in optical microscopy, the expression for the Fisher information
matrix corresponding to the acquisition time interval [t0 , t] is given by6, 8

T
 t
∂[Λθ (τ )fθ,τ (r)]
1
∂[Λθ (τ )fθ,τ (r)]
drdτ, θ ∈ Θ.
(1)
I(θ) :=
∂θ
∂θ
t0 C Λθ (τ )fθ,τ (r)
The acquired data is modeled as a spatio-temporal random process, which we refer to as the image detection
process. A detailed discussion of this process is given elsewhere,5 and here we provide a brief description. The
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temporal part is an inhomogeneous Poisson process with intensity function Λθ , and models the time points of
the detected photons. The spatial part consists of a sequence of independent random variables with densities
{fθ,τ }τ ≥t0 and models the spatial coordinates of the detected photons. In the above expression, C ⊆ R2 denotes
the detector that is used to collect the photons. It is assumed that the spatial and the temporal components are
mutually independent of each other. In deriving eq. 1 no speciﬁc assumptions have been made regarding the
functional form of Λθ or fθ,τ . Therefore, the above expression of I(θ) is applicable to a wide variety of imaging
conditions, such as coherent and incoherent illumination. We note that an implication of the time dependence
of the density function fθ,τ is that the above expression of I(θ) is also applicable to moving objects.
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Figure 1. Schematic illustrating the notation used to specify the 3D location of two single molecules P1 and P2 .

In single molecule data analysis, the photon detection rate of the single molecule can be determined apriori
from calibration experiments and therefore can be assumed to be known when estimating the desired attribute(s)
from the data. Hence the intensity function is given by Λθ (τ ) = Λ1 (τ )+Λ2 (τ ), τ ≥ t0 , where Λ1 and Λ2 denote the
photon detection rates of the two single molecules. The unknown parameter vector is given by θ = d ∈ Θ, where
d denotes the distance of separation between the two single molecules and Θ ⊆ [0, ∞) denotes the parameter
space. For the 3D resolution problem, the density function fθ,τ can be written as (see Fig. 1)
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where r = (x, y) ∈ R2 , θ ∈ Θ, and τ ≥ t0 . In the above equation, i (τ ) := Λi (τ )/(Λ1 (τ ) + Λ2 (τ )), i = 1, 2, τ ≥ t0 ,
d denotes the distance of separation between the two single molecules, ω and φ denote the orientation angles of
the line joining the two single molecules as shown in Fig. 1, z01 (d) and z02 (d) denote the axial coordinates of the
two single molecules, M denotes the magniﬁcation of the imaging system and qz01 (d),1 and qz02 (d),2 denote the
image functions of the two single molecules. An image function qz0 is deﬁned as the image of an object at unit
magniﬁcation when the object is located at (0, 0, z0 ), z0 ∈ R, in the object space. From ﬁg. 1 we see that the
axial coordinates z01 and z02 are functions of the distance d, since z01 (d) := sz + d2 cos ω and z02 (d) := sz − d2 cos ω,
where sz denotes the axial coordinate of the midpoint of the line segment P1 P2 (see Fig. 1). By deﬁnition, fθ,τ

Proc. of SPIE Vol. 6444 64440D-3

is assumed to satisfy the regularity conditions that are necessary for the calculation of the Fisher information
matrix. Hence we impose appropriate conditions on the image function (see Ref. 6 for details).
Substituting for fθ,τ and Λθ in eq. 1 and simplifying, we obtain a general expression of the Fisher information
matrix for the 3D resolution problem, which is given by9
 t
1
1



×
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d sin ω
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dxdydτ,
(3)

where θ ∈ Θ, z01 (d) := sz + d2 cos ω and z02 (d) := sz − d2 cos ω. The above result provides an expression to
calculate the Fisher information matrix for a general image function and photon detection rate. Hence eq. 3
is applicable to a variety of imaging scenarios including those that give rise to non-radially symmetric image
proﬁles, for example, in the case of imaging single molecules under polarized illumination and/or detection.10–13
It should be pointed out that the above expression can also be used to determine the 3D resolution measure for
any microscopic object (e.g., vesicles, tubules etc.) provided the image function of that object is known.
2.1.1. Special case 1: Point sources lie parallel to the x axis
Previously, we derived an analytical expression of the Fisher information matrix for the resolution problem when
the point sources lie in the focal plane of the objective lens and are parallel to the x axis.5 For the schematic
shown in Fig. 1, this pertains to the case when ω = π/2 and φ = 0. Substituting this in eq. 3, we have
 
1 t
1
I(θ) :=
×
d
2
4 t0 R Λ1 (τ )qz01 (d),1 (x − 2 , y) + Λ2 (τ )qz02 (d),2 (x + d2 , y)

2
∂qz01 (d),1 (x − d2 , y)
∂qz02 (d),2 (x + d2 , y)
− Λ2 (τ )
dxdydτ,
(4)
Λ1 (τ )
∂x
∂x
where θ ∈ Θ and z01 (d) = z02 (d) = sz .
2.1.2. Special case 2: Point sources lie parallel to the z (optical) axis
Consider the scenario where the two point sources lie parallel to the z (optical) axis. For this case, the orientation
angle ω = 0. Substituting this in eq. 3, we have

2
 t
I(θ) =

1
4

t0

1
Λ
(τ
)q
(x,
y)
+
Λ2 (τ )qz02 (d),2 (x, y)
z01 (d),1
R 1
2

Λ1 (τ )

∂qz01 (d),1 (x, y)
∂qz02 (d),2 (x, y)
− Λ2 (τ )
∂z01 (d)
∂z02 (d)

dxdydτ, (5)

where θ ∈ Θ, z01 (d) := sz + d2 and z02 (d) := sz − d2 . Suppose, in addition, we assume a very special scenario,
where 1.) sz = 0, i.e., the point sources are equidistant from the focal plane with one point source being above
the focal plane and the other point source being below the focal plane, 2.) the photon detection rates and the
image functions of the two point sources are identical, i.e., Λ1 (τ ) = Λ2 (τ ), τ ≥ t0 , and qz0 ,1 (x, y) = qz0 ,2 (x, y)
for (x, y, z0 ) ∈ R3 , 3.) the image function qz0 ,1 is symmetric along the optical axis, i.e., qz0 ,1 (x, y) = q−z0 ,1 (x, y),
(x, y) ∈ R2 , z0 ∈ R, 4.) the partial derivative of the image function with respect to z0 is symmetric along
the x and y axis with respect to (x, y) = (0, 0), i.e., ∂qz0 ,1 (x, y)/∂z0 = ∂qz0 ,1 (−x, y)/∂z0 = ∂qz0 ,1 (x, −y)/∂z0 ,
(x, y) ∈ R2 , z0 ∈ R. Using the above assumptions in eq. 5, it can be shown that the Fisher information matrix
is zero. An immediate implication of this result is that for the above imaging conditions, it is not possible to
resolve the distance between two point sources if they lie on the optical axis.
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2.2. 3D image of a single molecule
In eq. 3, we obtained an expression for the Fisher information matrix for a general image function. In this section
we present an analytical expression for the image function of a point source. According to scalar diﬀraction theory,
the image of a self-luminous point source (i.e., ﬂuorescent single molecule) that is located at (0, 0, z0 ) in the object
space and imaged by a ﬂuorescence microscope can be modeled as14

2

C 1
x2 + y 2
Iz0 (x, y) =
J0 kaρ
(6)
exp(jWz0 (ρ))ρdρ ,
zd 0
zd
where (x, y) ∈ R2 denotes an arbitrary point on the detector plane, zd denotes the axial distance of the detector
from the back focal plane of the microscope lens system, C is a constant with complex amplitude, k = 2π/λ, λ
denotes the wavelength of the detected photons, a denotes the radius of the limiting aperture of the microscope
projected onto the back focal plane of the lens system, J0 denotes the zeroth order Bessel function of the ﬁrst
kind and Wz0 (ρ), ρ ∈ [0, 1], denotes the phase aberration term. We note that eq. 6 provides a general expression
for several 3D point spread function models14 which describe the image of a point-source/single-molecule and
are based on scalar diﬀraction theory. Rewriting eq. 6 in terms of an image function, we have
qz0 (x, y) =
where


Uz0 (x, y) :=



1

J0

0


Vz0 (x, y) :=


1  2
Uz0 (x, y) + Vz20 (x, y) ,
Cz0



1

0

kaρ

J0

kaρ


(x, y) ∈ R2 ,

z0 ∈ R,

x2 + y 2
zd

cos(Wz0 (ρ))ρdρ,

(x, y) ∈ R2 , z0 ∈ R,

x2 + y 2
zd

sin(Wz0 (ρ))ρdρ,

(x, y) ∈ R2 , z0 ∈ R,

(7)

(Uz20 (x, y) + Vz20 (x, y))dxdy,

z0 ∈ R.
(8)
R
In the above equation Uz0 (Vz0 ) denotes the real (imaginary) part of Iz0 given in eq. 6. The term
normal x Cz0 is the

y
− x0 , M
− y0 dxdy
ization constant, and the 1/Cz0 scaling in eq. 7 ensures that R2 fθc ,τ (r)dr = (1/M 2 ) R2 qz0 M
= 1, θc ∈ Θc . Although, not shown explicitly, it can be veriﬁed that the partial derivative of the image function
qz0 with respect to z0 is symmetric along the x and y axes with respect to (x, y) = (0, 0).
Cz0 =

2

To calculate the 3D FREM, we require an explicit analytical expression for the phase aberration term Wz0
and here, we set Wz0 to be
π(na )2 z0 2
ρ , ρ ∈ [0, 1], z0 ∈ R,
(9)
Wz0 (ρ) :=
nmed λ
where na denotes the numerical aperture of the objective lens, nmed denotes the refractive index of the medium
in the object space and z0 denotes the axial coordinate of the single molecule in the object space. The above
expression for Wz0 corresponds to the classical ‘Born and Wolf’ 3D point spread function model.15 It can be
easily veriﬁed that for the above speciﬁc expression of Wz0 , the image function qz0 is symmetric along the z axis
with respect to the point z = 0. To calculate the 3D resolution measure, we make use of the expression given by
ω
eq. 7 and in eq. 9 we substitute the axial coordinates of the single molecules, which are given z01 (d) = sz + d cos
2
ω
and z02 (d) = sz − d cos
, where ω denotes the angle subtended by the line segment joining the two single molecules
2
with respect to the z (optical) axis and d denotes the distance of separation between the two single molecules
(see Fig. 1).

3. 3D FUNDAMENTAL RESOLUTION MEASURE - 3D FREM
For the derivation of the 3D fundamental resolution measure, we consider two equal intensity single molecules,
i.e., Λ1 (τ ) = Λ2 (τ ) = Λ0 , τ ≥ t0 , where we assume the photon detection rate to be a constant, which is typically
assumed in single molecule data analysis.16, 17 We also assume the image functions of the two single molecules
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Figure 2. Dependence of the 3D FREM on photon count. The ﬁgure shows the 3D FREM as a function of the expected
number of detected photons per single molecule for distances of 10 nm (), 20 nm (2), 100 nm (•) and 500 nm (). For
all the plots, the numerical aperture is set to be na = 1.3, the wavelength is set to be λ = 520 nm, the refractive index
of the medium in the object space is set to be nmed = 1.33, sz = 0 and the orientation angles are set to be ω = π/4 and
φ = 0.

to be identical, i.e., qz0 ,1 (x, y) = qz0 ,2 (x, y), (x, y) ∈ R2 , z0 ∈ R, and that sz = 0, i.e., the single molecules are
equidistant from the focal plane of the objective lens such that one single molecule is above the focal plane and
the other single molecule is below the focal plane (see Fig. 1). Substituting for qz0 (eq. 7) in the expression for
I(θ) (eq. 3) and taking the square root of 1/I(θ), we obtain an analytical expression for the 3D fundamental
resolution measure. The 3D FREM predicts how accurately the distance d between two point sources can be
resolved. A small numerical value for the 3D FREM predicts high accuracy in determining d, whereas a large
numerical value of the 3D FREM predicts low accuracy in determining d. According to the classical axial
resolution criteria,15 two point sources that lie on the optical axis (z axis) are set to be resolved if their distance
of separation is greater than or equal to 2λnmed /n2a , where λ denotes the wavelength of the detected photons,
nmed denotes the refractive index of the medium in the object space in which the point sources are present and
na denotes the numerical aperture of the objective lens. For the GFP molecules, the classical axial resolution
criteria predicts the smallest resolvable distance along the optical axis to be 818 nm. The 3D FREM, on the
other hand, predicts that distances well below the classical resolution limit can be resolved with relatively high
accuracy. For instance, the 3D FREM predicts an accuracy of ±3.58 nm and ±4.41 nm to resolve distances of
500 nm and 100 nm, respectively, between the two single molecules when they lie on the X − Z plane (φ = 0)
with ω = π/4. For very small distances, however, the 3D FREM predicts poor accuracy in resolving the distance.
For example, the 3D FREM predicts an accuracy of ±9.13 nm and ±12.88 nm to resolve distances of 20 nm and
10 nm, respectively. Previously we showed that the fundamental resolution measure FREM, which pertains to
the in focus scenario, exhibited an inverse square root dependence on the expected number of detected photons
from the single molecules.5 Analogously, for the 3D case, the resolution measure 3D FREM also exhibits an
inverse square root dependence on the expected photon count. This implies that for small distances where the
3D FREM predicts poor accuracy, the resolution measure can be improved by collecting more photons per single
molecule (Fig. 2). For example, for a photon count of 2500 photons per single molecule, the 3D FREM predicts
an accuracy of ±12.88 nm to resolve a distance of 10 nm when the two single molecules lie in the X − Z plane
with ω = π/4. If, however, 25000 photons per single molecule are collected then the same distance can be
resolved with an accuracy of ±4.07 nm.

4. EFFECTS OF PIXELATION AND NOISE
In deriving the 3D FREM, we assumed that the acquired data was not aﬀected by deteriorating experimental
factors such as pixelation of the detector and extraneous noise sources. In this regard, the 3D FREM provides the
best case scenario for the achievable resolution measure. In this section, we present results of the 3D resolution
measure that take into account deteriorating factors. We refer to this result as the 3D practical resolution
measure 3D PREM. The 3D PREM takes into account the presence of additive noise sources, namely Poisson
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Figure 3. Dependence of the 3D PREM on distance. Panels A and B show the 3D PREM as a function of distance
between two GFP single molecules for a pixelated detector in the absence of extraneous noise sources with ω = π/6
(∗) and ω = π/4 (). The panels also show the PREM, which corresponds to the in focus scenario (ω = π/2), for a
pixelated detector in the absence of extraneous noise sources (◦). For all the plots in this panel, the angle φ is set to
zero. Panels C and D show the 3D PREM as a function of distance for a pixelated detector in the presence ( ) and
absence () of extraneous noise sources for φ = 0 and ω = π/4. The panels also show the PREM, which corresponds to
the in focus scenario, for a pixelated detector in the presence of noise sources (⊕). In all the panels, the pixel size is set
to be 13 µm × 13 µm, the pixel array size is set to be 21 × 21, the mean of the additive Poisson noise is set to be 80
photons/pixel/s, the mean and standard deviation of the additive Gaussian noise are set to be 0 e− per pixel and 8 e−
per pixel, respectively, the noise statistics is assumed to be the same for all the pixels and the center of the line segment
joining the two single molecules is positioned at the center of the pixel array. The numerical values of all other parameters
are identical to those used in Fig. 2.

and Gaussian noise (see Refs. 5, 6, 18 for details). The additive Poisson noise considered here is distinct from
the shot noise, which describes the statistics of the photon detection process from the single molecules and is
already accounted for by the 3D FREM. Aside from these extraneous noise sources, the PREM also takes into
account the eﬀect of pixelation of the detector.
Fig. 3A (3B) shows the behavior of the 3D PREM as a function of the distance between two GFP molecules
in the absence of extraneous noise sources for a pixelated detector. Here we assume imaging conditions identical
to those assumed in Fig. 2. In particular, the single molecules are assumed to lie on the X − Z plane (φ = 0) and
we consider two values of ω, i.e., ω = π/4 and ω = π/6. Fig. 3A (3B) also shows the 2D PREM for reference,
which pertains to the scenario when the single molecules are in focus (i.e., ω = π/2). From the ﬁgure we see
that for a given value of ω, as the distance of separation between the single molecules increases, the numerical
value of the 3D PREM ﬁrst decreases but then gradually increases for very large distances (see Fig. 3B). For
small distances of separation, there exists signiﬁcant uncertainty in resolving the distance between the two single
molecules. Hence the 3D PREM exhibits a large numerical value. As the distance of separation increases,
the resolvability of the single molecules improves thereby resulting in a smaller numerical value of 3D PREM.
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Because the single molecules are out of focus, as the distance of separation increases, less number of photons are
collected on the detector, thereby resulting in a deterioration of the 3D PREM for very large distances.
Note that for a given distance of separation, the 3D PREM consistently deteriorates as the orientation angle ω
decreases from ω = π/2, which corresponds to the in focus scenario, to ω = 0, which corresponds to the scenario
when the single molecules are on the optical axis. For instance, for the in focus scenario (i.e., ω = π/2), the
PREM predicts an accuracy of ±19.59 nm to resolve a distance of 20 nm. When the single molecules lie on the
X-Z plane with ω = π/4, the 3D PREM predicts an accuracy of ±38.86 nm to resolve a distance of 20 nm. On
the other hand, if the orientation angle ω = π/6, then 3D PREM predicts an accuracy of ±77.41 nm to resolve
the same distance. As discussed in Section 2.1.2, when ω = 0, i.e., when the point sources lie on the optical
axis, then the Fisher information matrix becomes zero thereby implying very high uncertainty in determining
the distance of separation between the two single molecules.
Fig. 3C (3D) shows the behavior of the 3D PREM as a function of distance for a pixelated detector in the
presence and absence of extraneous noise sources. The ﬁgure also shows the PREM, which corresponds to the
in focus case (ω = π/2), for a pixelated detector in the presence of extraneous noise sources. From the ﬁgure we
see that the numerical value of the 3D PREM in the presence of noise sources is consistently larger than that
of the 3D PREM in the absence of noise sources. In particular, for small distances of separation, there is a two
fold deterioration in the resolution measure when taking into account noise sources. For instance, in the absence
of noise sources, the 3D PREM predicts an accuracy of ±38.86 nm and ±77.16 nm to resolve distances of 20
nm and 10 nm, respectively, when the single molecules lie on the X − Z plane with ω = π/4. In the presence of
noise sources, the 3D PREM predicts an accuracy of ±64.48 nm and ±128.5 nm to resolve distances of 20 nm
and 10 nm, respectively, for the same conditions. Note that for the range of distances shown in Fig. 3C, the 3D
PREM is consistently larger than the PREM, which corresponds to the in focus scenario.
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